COHOMOLOGY STRUCTURES OF A POISSON ALGEBRA: II 

YAN-HONG BAO AND YU YE 



Abstract. Wc introduce for any Poisson algebra a bicomplex of free Poisson 
modules, and use it to show that the Poisson cohomology theory introduced in 
the paper "[M. Flato, M. Gerstenhaber and A. A. Voronov, Cohomology and 
Deformation of Leibniz Pairs, Lett. Math. Phys. 34 (1995) 77-90]" is given 
by certain derived functor. Moreover, by constructing a long exact sequence 
connecting Poisson cohomology groups and Yoneda-extension groups of certain 
quasi-Poisson modules, we provide a way to compute this Poisson cohomology 
via the Lie algebra cohomology and the Hochschild cohomology. 



1. Introduction 

M. Flato, M. Gerstenhaber and A. A. Voronov developed a cohomology theory and 
a formal deformation theory for Poisson algebras [3]. They showed that this coho- 
mology controls those formal deformations such that the associative multiplication 
and the Lie bracket are simultaneously deformed. We call this cohomology FGV- 
Poisson cohomology, or simply Poisson cohomology. Note that when restricted to 
commutative Poisson algebras, the FGV-Poisson cohomology is different from the 
usual Lichnerowicz-Poisson cohomology, see Section 5 for an explanation. 

We would like to mention that Kontsevich's deformation quantization can be 
understood as a special case of formal deformations of Poisson algebras, see Sec- 
tion 4 below for more detail. Moreover, a necessary condition for the existence of 
deformation quantization is given there by using the Poisson chohomolgy groups. 

Since the concept of a module of a Poisson algebra is meaningful, it was also sup- 
posed by Flato-Gerstenhaber- Voronov to use Yoneda-extensions or derived functors 
to define certain cohomology theory for Poisson algebras. An immediate question is 
whether it is the same as the FGV-Poisson cohomology, or in other words, whether 
the FGV-Poisson cohomology is exactly given by usual Yoneda-extensions or de- 
rived functors. In this note, we will give an affirmative answer to this question, and 
provide a way to compute the FGV-Poisson cohomology via Hochschild cohomology 
and Chevalley-Eilenbcrg cohomology. 

Throughout K will be a field of characteristic 0, and all unadorned Horn and <g> 
will be Homf and <8>k respectively. Let A be a Poisson algebra over K. Following 
|10) , one can define its Poisson enveloping algebra V in a natural way. By definition 
V is an associative algebra such that the category of left P-modulcs is isomorphic 
to the category of Poisson A-modulcs. We need also the concept of quasi-Poisson 
modules as introduced in the same work |10j . It was shown there the category of 
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quasi-Poisson A-modules is isomorphic to the module category of an associative 
algebra Q, which is called the quasi-Poisson enveloping algebra of A. 

In our previous work [TJ , we have introduced a bicomplex of free quasi-Poisson A- 
modules, whose total complex gives a free resolution of A as a quasi-Poisson module 
and hence calculates the quasi-Poisson cohomology. Inspired by this construction, 
we obtain a bicomplex C, t , of free Poisson ^4-modules from the foregoing one by 
applying the functor V ®q — , and by erasing one row of the bicomplex. Recall that 
V is a quotient algebra of Q and can be viewed as a Q-module. The reason of the 
elision of one row is that concerning the deformation theory, the Lie bracket and 
the Lie module structure of A on itself can not be deformed independently. 

For any Poisson module M, we show that the bicomplex Homp (C #i .,M) coin- 
cides with the bicomplex C' ,m (A; M) as given in [3J Section 5]. Thus the FGV- 
Poinsson cohomology is exactly defined by the derived functor RHom-p (%. (A) , — ), 
where x,(A) = Tot(C. j# ) is the total complex of the double complex C #i# . In this 
sense, we call %• (A) the characteristic complex of the Poisson algebra A. 

We mention that the characteristic complex is not quasi-isomorphic to a Poisson 
module in general. However, there is a long exact sequence of abelian groups with 
terms involving homology groups of the characteristic complex and certain torsion 
groups in the category of quasi-Poisson modules. 

A key observation is that FGV-Poisson cohomology can be calculated via quasi- 
Poisson cohomologies, although it is defined only with coefficients in Poisson mod- 
ules. In fact, we have a long exact sequence connecting the Poisson cohomology 
groups and the extension groups of certain quasi-Poisson modules. This could be 
very useful, the reason is that a Poisson enveloping algebra is much more difficult 
to handle, we even do not have a nice basis for it in general. 

The quasi-Poisson case is easier. Recall that A e is a £Y( ^4) -module algebra, and 
by construction Q = A e 4f z U{A) is the smash product algebra. Recall that in [TJ, 
we have obtained a Grothcndieck spectral sequence, calculating Extg(— ,— ) via 
Ext^ e (— , — ) and the Lie algebra cohomology Ext^^^K, — ). 

In summary, we may reduce the calculation of FGV-Poisson cohomology to the 
cohomology of the quasi-Poisson enveloping algebra Q, and hence to the Hochschild 
cohomology of A and the Chevalley-Eilenberg cohomology of the Lie algebra A, on 
which we have better knowledge. 

The paper is organized as follows. In section 2, we recall some basic definitions 
of Poisson algebras, Poisson modules and Poisson enveloping algebras. Section 3 
deals with the construction of a bicomplex of free Poisson modules for a Poisson 
algebra A, whose total complex computes the FGV-Poisson cohomologies. 

In section 4, we will briefly recall the definition of formal deformation of Poisson 
algebras, and show how to understand Kontscvich's deformation quantization as a 
special case of formal deformation of Poisson algebras in our sense. Moreover, we 
will explain in more detail how the FGV-Poisson cohomology groups control the 
formal deformations of Poisson algebras. We also compare the FGV-Poisson coho- 
mology groups with the Lichnerowicz-Poisson cohomology groups for commutative 
Poisson algebras in Section 5. 

In Section 6 we show a long exact sequence related to homology groups of the 
characteristic complex. We also obtain a long exact sequence with terms involv- 
ing the FGV-Poisson cohomology groups and Yoneda-extension groups of certain 
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quasi-Poisson modules, and apply it to calculate the Poisson cohomology groups. 
Examples are also provided there. 

In the last section, we study the the standard Poisson algebra of the matrix alge- 
bra M2(K). We calculate its Poisson cohomology groups of lower degrees. Moreover, 
we show that in this special case, any Poisson 2-cocyle lifts to a formal deformation. 

2. Preliminaries 

In this paper, we assume that all associative algebras have a multiplicative iden- 
tity element. 

A triple (A, -,{—,—}) is called a Poisson algebra over IK, if (A, ■) is an associative 
K-algcbra (not necessarily commutative), (A, { — ,—}) is a Lie algebra over K, and 
the Leibniz rule {ab, c} = a{b, c} + {a, c}b holds for all a, 6, c G A. A quasi-Poisson 
A-module M is both an ^4-^4-bimodule and a Lie module over (A, { — ,—}) with the 
action given by { — , — }» : A X M — > M, which satisfies 

{a, 6m}» = {a, b}m + b{a, m}„, 

{a, m6}» = m{a, b} + {a, m}*6 

for all o, b € A and m G M. If moreover, 

{ab, m}» = a{b, m}» + {a, m}*6 

holds for all a,b G A and m G M, then M is called a Poisson A- module. Let M, N 
be (quasi-) Poisson modules. A homomorphism of (quasi-)Poisson A-modules is a 
K-linear function / : M — > N which is a homomorphism of both A-A-bimodulcs 
and Lie modules. 

The following convention is handy in calculation, and we refer to |10j for more 
details. 

Denote by A° p the opposite algebra of the associative algebra A. To avoid 
confusion, we usually use a to denote an element in A and a' its counterpart in 
A° p . The algebra A e = A ® A op is called the enveloping algebra of the associative 
algebra A. Denote by U{A) the universal enveloping algebra of the Lie algebra 
(A, { — , — }). It is well-known that the category of Lie modules over A is isomorphic 
to the category of left U (A)-modu\cs. 

Let {vi | i 6 5} be a K-basis of A indexed by an ordered set S with a total 
ordering <. For any r-tuple a = (i(l), • • • , i(r)) G S r , the corresponding element 
of v^ns ® • ■ ■ ® in U(A) is denoted by d", and r is called the degree of a. The 
empty sequence is denoted by and we write 1 = ^u(A) = f° r brevity. Then 
{ cfyi < • • • < i r , r > 0} U {1} form a PBW-basis of U(A). 

U{A) is known to be a cocommutative Hopf algebra. The comultiplication is 
given by A( a) = Si <8>02, where the sum is taken over all possible ordered 

Q — Ql UCK2 

bipartition. The Lie bracket makes A a Lie module over A, or equivalcntly, a U(A)- 
modulc. Hence the usual tensor product makes A e a Lie module. Moreover, the 
cocommutativity of U(A) makes A e a ^/(A)-module algebra. For a definition of 
ordered partition, we refer to |10j . 

Definition 2.1. ([TO]) Let A = (A, •,{—,— } be a Poisson algebra. The smash 
product A e #lA{A) is called the quasi-Poisson enveloping algebra of A and denoted 
by Q. The Poisson enveloping algebra of A, denoted by V, is defined to be the 
quotient algebra Q/J, where J is the ideal of Q generated by {1,4 ® l' A #(a ■ b) — 
a ® l' A #b - 1 A <g> &'#a|a, 6 G A}. 
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Theorem 2.2. (|10j) The category of quasi-Poisson modules over A is isomorphic 
to the category of left Q-modules, and the category of Poisson modules over A is 
isomorphic to the category of left V -modules. 

Given a quasi-Poisson A-module M, one defines a Q-modulc M by setting 

(a <g> b'jfa)m = a~ct(m)b 

for all m S M and a ® b'ffct G Q. Conversely, given a left Q-module M, we set 

am — (a Cg) l^#l)m, ma = (1^ ® a'#l)m, {a, m}* = (1^ ® l' A #a)m 

for all m S M, agito obtain a quasi-Poisson module over A. The correspondence 
of Poisson modules and P-modules is given similarly. For simplicity, we write 
&'# d* + J as a®b'^~cx when no confusion can arise. 

The following bicomplex is given by taking tensor of the bar resolution of the 
A e -module A and the Koszul resolution of the W(A)-module K, where we write 
A' = &A and A j = A 3 A for brevity. 



< A 4 ®U(A) < 712,0 A 4 <g,U(A)<S,A 1 < V2,1 A 4 ®W(A)<g>A 2 «- 



Vl -°i Vl - 1 i Vl - 2 i 

(2-1) i A 3 <g>W(A) < A 3 ig)W(A)(g)A 1 < V1,1 A 3 ®W(A)<g>A 2 <- 

V V I V 

vo -°l v °- 1 l v °' 2 i 

< A 2 (giiY(A) < 0,0 A 2 igiW(A)(giA 1 < 01 A 2 tg> U(A) <g> A 2 <- 



Its total complex gives a free resolution of A as a Q-module. For any quasi- 
Poisson module M, after applying the functor Homg(— , M) to the total complex, 
we obtain the quasi-Poisson complex with coefficients in M, whose cohomology 
group is isomorphic the extension group Extg(^4, M), and called the quasi-Poisson 
cohomology group with coefficients in M, see [TJ Section 2]. 



3. The Poisson Cohomology 

3.1. Characteristic complexes of Poisson algebras. Let (A, •,{—,— }) be a 
Poisson algebra and V the Poisson enveloping algebra of A. Set 

i = 0,j>0, 

Cij = { V ® A l+1 ® A j ~\ i > l,j > 1, 

otherwise. 




COHOMOLOGY STRUCTURES OF A POISSON ALGEBRA: II 



5 



Consider the following diagram 

s H s H 
< V ® A 3 < — — — V ® A 3 ® A 1 < — — — P ® A 3 ® A 2 < ■ ■ ■ 

< 7> ® A 2 < P ® A 2 ® A 1 < &1 2 P ® A 2 ® A 2 < • ■ ■ 

V ( ^° P ® A 1 < ^ P ® A 2 < S " 2 V ® A 3 < ■ ■ • 



where 5fj '■ Ci+i.j — * Cj,j an d <$fj : Ci,j+i - >• Ci,j are 'P-homomorphisms given by 

CjC^A ® ® fl ® ■ ■ • ® Oi ® 

=(-l) l [(a ® 1' 4 #1) ® ai ® ■ ■ • ® a 4 ® 

i-l 

+ ^](-l) fe+1 (l J 4 ® ® a ® •• • ® a fc a fe+ i ® • • • ® a, ® 

fe=0 

+ ® a-#l) ® a ® • ■ • ® Oi_i ® w J ] 

for i > 2 and j > 0, 

(5^- ((1a ® ® ao ® oi ®w J ) 

=(a ® ® («i A w j ) - (1a ® 1'a# il ) ® ( a oai A uj j ) + (1 A ® a'i#l) ® (a A w j ) 

for i = 0, j > 1 and w J G A- 7 , and 

<^-(CU ® 1 A #1) ® e % ® (x A • • • A a:,-)) 

= ^(- 1 )' C ( 1 A ® l!4#^fe) ® ^ ® (X0 A • • • Xi- ■ ■ A Xj) 
k=0 

+ ^ (I A ® ® ^ ® {{ X Pl X q} A .T A • • -X~p- ■ -X~q- ■ ■ A Xj) 

0<p<q<3 

for any i > 0, j > 1 and 0* e A 4 . 

Proposition-Definition 3.1. C... = (0^,6^,6^) is a bicomplex of free V- 
modules. Its total complex is called the characteristic complex of the Poisson algebra 
A and denoted by Xm(A). 



Proof. Notice that V is a quotient algebra of Q and hence is viewed as a Q-module. 
By applying the functor V®q— the bicomplex (|2.1[) and the natural isomorphism of 
left ^-modules V®qQ® {A 1 ® A- 7 ) = T®A l ®/\>, we obtain the following bicomplex 



() 



Y.-H. BAO AND Y.YE 



of Poisson modules 
(3.1) 



T? 3 q 773" 1 

■ V ® A 3 — V ® A 3 ® A 1 — V ® A 3 ® A 2 ■ 




-V 



where r)Yj , f]fj are induced by idp ® 77^ and id-p ® r^j respectively. Erasing all of 
dashed arrows, we obtain the diagram C #)# , and — <Pj-if)Yj-ii $Y 
(i > 2), and = fjoj, 6% = Viiij-i (* > 1), where 

(ft (1a (8 l^#lg)a® = 1 A <8 1 A #1 <g) (a Aw- 7 '). 



It is easily seen that 5^5? j+1 = 0, SfjY+ij = 0, Cj-i^ + 5 £-ij S L = for a11 
i > 2, and ^oG^j = ^j-i*7ij-i'72^-i = 0- It remains to check Sq^S^j + So y j$oj +1 
for all j > 1. We only show j = 1 case, and the proof for general cases is exactly 
the same and left to the readers. By definition we have 

(^i^iHU <8> l' A #t ® a <g> 5 <g> x) 
=£(£i(1a ® 8> o ® 6) 

=^i[(lx 8> ® ® a 8> 6) 

- 1a ® 1a#1 ® {x, a} ® & - 1a ® 1a# 1 ® a ® {£, 6}] 

=(1a ® lA#z)[ a ® U#i ® & - 1a ® 1a#1 ® a& + 1a ® ® a] 

- {x, a} ® l A #l (g) 6 + 1a ® 1 A #1 ® {ar, a}b - 1 A ® 6'#1 ® {x, a} 

- a ® 1 A #1 {x, 5} + 1a ® 1a# 1 ® a! 11 - 6} - 1a ® {a:, &}'#! ® a 

= (a ® l' A #x) ® 6 - (1a ® Ia^) ® a& + (1^ ® ® a + (1a ® 1a#!) ® 

- (1a ® ® {x, a} + (1a ® 1 A #1) ® 4^ 6} " (U ® {s, &}'#!) ® a 
= - s o,i(( a ® 1 A# 1 ) ® 6 A x - (1a ® 1a#1) ®af)Ai + (U® &'#!) ® a A x) 
= - (^l^X 1 ^ ® Ia^ ® a ® & ® a), 



which completes the proof. 



□ 



3.2. The Poisson cohomology. Let M be a Possion module over A Applying 
the functor Homp(-, M) to the bicomplex C,., we obtain a bicomplex of K-vector 
spaces, which is called the Poisson bicomplex for A with coefficients in M and de- 
noted by PC'' {A; M). Clearly, the total complex Tot(PC>'(A; M)) is isomorphic 
to Hom P (x.(A),M). 
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Following [3J, we have a bicomplex C'°(A; M) which is of the form 

1 1 1 
► Hom(A 3 , M) — ^— ^ Hom(A 3 ® A 1 , M) — bjL - > Hom(A 3 ® A 2 , A/) 

► Hom(/l 2 , M) — ^— >• Hom(A 2 ® A 1 , Ai") — ^— > Hom(A 2 ® A 2 , A/) 



S„T «„J j<5„ 
M — ^— > Hom(A 1 , Af) ^— > Hom(A 2 ,A/) — ^—^ Hom(A :! ,A/) )■ ■■■ 

1 i 1 



where Sh is the Chevallcy-Eilcnberg coboundary, Sy is the Hochschild cobound- 
ary, S v is the composition of the natural homomorphism Hom(A J ',M) ^A Hom(A<£> 
A J-_1 ,M) and the Hochschild coboundary Hom(.A® A J ' _1 , M) Hom(j4 2 (8)A J ' _1 , M), 
and Sh ■ Hom(A' <g> A J_1 ,M) -» Hom(A' ® A J , M) is given by 

(<fo/)(ai ® • • • ® ffli ® (xi A • • • A a?j)) 
= ( /( a i ® ' " ' ® o» ® (^l A ■ • • x/ • • ■ A aij)}» 



z=i 



- ^ /(oi g> ■ • • ® {x;, at} (8) ■ ■ ■ ® Oj © (xi A ■ ■ ■ xi ■ ■ ■ A Xj)) 
t=i 

+ ^ (-l) p+9 /(ai ® • ■ ■ ® Oi © ({x p ,x g } A xi A ■ • -x p ■ ■ ■ x q ■ ■ • A Xj)). 

1<P<9<J 

Remark 3.2. Note that the coboundary Sh is essentially the Chevalley-Eilenberg 
coboundary. In fact, Horn (A 4 (g> A J , M) = Hom(A J ',^4 i ® M) and A 1 ® M is a Lie 
module over ^4 with the action given by 

i 

{x, ai (g> • • • (g> dj <8> to}* = oi ® • • • {a;, a t } ■■■®a i ®m 

t=i 

+ai ® • • • <g> a, <g> {x, to}* 
for any x £ A and any ai ® • ■ ■ © a, ® to G v4 j M. 

Moreover, by identifying Hom-p(P ® A i (g> A J ',M) with Hom(A' © A J ',Af), we 
easily deduce the following result. 

Proposition 3.3. The double complex PC m,m (A; M) is isomorphic to C>'(A; M). 
The total complex Hom-p(x,(A), M) thus has the form 
—> M —> Hom(A, M) —> Hom(A 2 © A 2 , M) —> Hom( © A 1 ® A 3 , A) 

i+j = 3 

-> ► Hom( © A 1 ® A J , M) A Hom( © A* (g) A J , M) -»••••, 

i+i=tl i+j=n+l 

and we call it the Poisson complex with coefficients in M. Its n-th cohomomology 
group is called the n-th FGV-Poisson cohomology of A with coefficients in M and 
denoted by HP™(^4;M). The Poisson complex with coefficients in A is called the 
Poisson complex of A, and we simply denote HP n (^4;v4) by HP n (A) and call it the 
n-th FGV-Poisson cohomology group of A. 
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Remark 3.4. Clearly, HP°(A;M) = {a G A | {a,m}* = 0,Vm G M}. In particu- 
lar, HP (A) is the center of the Lie algebra A. 

BP 1 (A; M) = PDcr(A; A/)/IPDer(A; M) is the outer Poisson derivations of A 
with coefficients in M, where PDer(A;M)} is the set of Poisson derivations and 
IPDcr(A; M) = {{ — , m}» | m £ M} the set of inner ones. Recall that a linear map 
from A to M is called a Poisson derivation if it is simultaneously a derivation in 
the Lie algebra sense and in the associative sense. 

For any / = (/i, /o) G Kerd 2 , we may define a new Poisson algebra A k fM, which 
is called the extension of A by M along f. As a K- vector space, A k f M = A(B M; 
and the associative multiplication and the Lie bracket are given by 

(a, x) • (a', x') = (aa', ax' + xa! + /i(a <& a')), 

{(a, x), (a', x')} = ({a, a'}, {a, - {a', x}» + f (a A a')}. 

We have the following standard result, compare also with the deformation theory. 

Proposition 3.5. For any f G Kerd 2 , A k f M is a Poisson algebra. Moreover, 
for any f,g G Kerd 2 iircf/i f — g in HP 2 (A,M), there is an isomorphism of Poisson 
algebras A tXf M ~ AtK g M. 

4. Formal deformations of Poisson algebras 

In [3 Section 6], a deformation theory for Leibniz pairs was introduced. As 
a special case of Leibniz pairs, formal deformations for a Poisson algebra were 
also mentioned there with less detail. We mention that for a Poisson algebra, the 
deformations as a Poisson algebra arc different from the ones as a Leibniz pair. 

On the other hand, even for commutative Poisson algebras, the noncommutative 
version of deformation theory could be quite useful. For instance, Kontsevich's 
deformation quantization is explained as a special case of formal deformations in 
the noncommutative sense, and by using Poisson cohomology group we can give 
some necessary condition for the existence of deformation quantizations. In these 
reasons, we would give more details on Poisson algebra deformations here. 

4.1. Formal Poisson deformations. Let (A, •, { — , — }) be a Poisson algebra over 
K. For consistency of notations the associative multiplication is denoted by mo and 
the Lie bracket by Iq. Let K[[t]] be the formal power series ring in one variable t, and 
let A[[i\] = A®K[[i\] be space of formal power series with coefficients in A. Clearly 
A embeds into A[[t\\ in a natural way, and any K-bilinear map A x A — > A extends 
to a K[[i]]-bilinear map from A[[t]} x A[[i\] to -A[[f]]. Via the natural isomorphism 
~ A, A is also viewed as a quotient space of 

By a formal deformation of the Poisson algebra A it is meant a Poisson K[[i]]- 
algebra structure on such that A is a quotient of A[[t]] as Poisson algebras. 

Note that t ^4 [ [t] ] is a Poisson ideal and hence A[[i]]/L4[[i]] inherits a Poisson algebra 
structure. 

Since all structure maps are K[[t]]-linear, they are uniquely determined by the 
restriction to the subspace A. To be precise, let m t : A[[t]] x A[[t]} — > A[[t}] and 
It : A[[t}] x A[[t]} — > A[[t]] be the associative multiplication and the Lie bracket 
respectively. Clearly, when restricted to A x A, mt and It can be rewritten as 

m t = mo + tmi + t m,2 + • • • , 

It = lo + th +i 2 l 2 + ■■■ , 
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where m^,^: A x A —> A are K-bilinear maps for each i. The isomorphism 
= A as Poisson algebras just says that the degree parts in the above 
expansions are exactly given by the structure maps on A. 

By definition, m t and l t induce formal deformations of A as an associative algebra 
and as a Lie algebra respectively. Clearly l t is skew-symmetric, which is equivalent 
to all li's are skew symmetric. Furthermore, the associativity, the Leibniz rule and 
the Jacobi identity read as 

m t (m t (a,b),c) = m t (a,m t (b,c)), 

l t {m t (a, &), c) = m t (a, l t (b, c)) + m t {l t {a, c), b), 

l t (h(a, b), c) + l t (h(b, c), a) + l t (l t (c, a), b) = 0, 

for all a,b,c G A, which is rewritten as 

(D„-l) ^ (m p (m q (a,b),c) - m p (a,m q (b,c))) 

p + q=n 

p,q>o 

=am n (6, c) — m n (a&, c) + m n (a, be) — m n (a, 6)c, 
(D n -2) ^2 (l q (m p (a,b),c) - m p (a,l q (b,c)) - m p (l q (a,c),b)) 

p + q=n 
p,q>0 

=al n (b, c) — l„ (ab, c) + l n (a, c)b 

+ {c, m„(a, b)} - m n (a, {c, a}) - to„({c, a}, &), 

(D„-3) [Z g (Zp(a,&),c) + Z g (Zp(&,c),a) + J g (Z p (c,a),6)] 

p,q>0 

=l n (a, {&, c}) + l n (b, {c, a}) + Z„(c, {a, &}) 
- {/„(a, 6), c} - {/„(&, c), a} - {/„(c, a), 6} 

for all n > 1. (D„-l), (D„-2) and (D ra -3) are called the deformation equations 
for Poisson algebras. By definition mo(a,b) = ab and lo(a,b) = {a, 6}. The pair 
(mi, Zi) is called an infinitesimal deformation of A, which gives a Poisson structure 
on the quotient space A[[i]]/(i 2 ). 

We assume that 

F 1 (a,b,c)= ^ (m p (m q (a,b),c) - m p (a,m q (b,c))), 

p + q=n 

p.g>o 

F 2 (a 7 b,c) = 22 (lq( m p( a > b )i c ) ~ m p (a 7 l q (b,c)) - m p (l q (a 7 c),b)) , 

p + q=n 

p.g>o 

F 3 (a,6,c)= ^ (l q (l p (a,b),c) + l q (l p (b,c),a) + l q (l p (c,a),b)). 

p + q=n 
p,q>0 

Similar to the associative algebra case, deformations of Poisson algebras will meet 
some obstructions in Poisson cohomology, which are all deduciblc from the defor- 
mation equations. In summary, we have the following result which essentially goes 
to Flato, Gerstenhaber and Voronov, although it was not written down explicitly. 

Theorem 4.1. [21 Section 6] Let (A, •,{ — ,— }) be a Poisson algebra and HP n (A) 
the n-th FGV-Poisson cohomology group of A. 

(i) The pair (mi,l\) is an infinitesimal deformation of A if and only if (mi,li) 
is a 2-cocycle in the Poisson complex of A. 
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(ii) If (mi,li) satisfies (Di-l), (Di-2) and (Z)j-3) for i = ,n — 1, then 

(F\,F2,Fs) is a 3-cocycle, and hence HP 3 (A) is the (n~l)-th "obstruction cocycle". 
In particular, ifHP 3 (A) = 0, then all obstructions vanish. 

Proof, (i) The pair (mi,Zi) is an infinitesimal deformation of A if and only if it 
satisfies the deformation equations of case n = 1, i.e. 

ami (b, c) — mi (ab, c) + mi (a, be) — mi (a, b)c = 0, 

ah(b, c) — li{ab, c) + li{a, c)b + {c, mi{a, b)} — mi(a, {c, a}) — mi({c, a}, b) = 0, 
li(a,{b,c}) + h(b,{c, a}) + li(c,{a,b}) - {h(a,b),c} - {h(b,c),a} - {h(c,a),b} = 0, 
which say that (mi, Zi) is a 2-cocycle in Poisson complex of A. 

(ii) The deformation equations can be rewritten in the form 
(D„-l') ^ (m p (m q (a,b),c) - m p (a,m q (b,c))) = d 2 (m n ,l n ) 3 (a,b,c), 

p + q=n 

p,q>o 

(D n -2 ; ) ^2 CgKfe^c) - rn p (a 7 l q (b,c)) - m p (l q (a,c),b)) = d 2 (m n J n ) 2 (a,b,c), 

P + q=n 

p,q>o 

(D„-3') ^ (Z 9 (Z p (a,6),c) + i,(Z p (6,c),a) + i,(Z p (c,a),6)) =d 2 ( Tfl n , t n )o(a, b, c). 

p + q=n 
p,q>0 

We only prove the case of n = 2 and the general cases can be similarly shown. In 
this case, 

Fi(a, b, c) = mi (mi (a, b), c) — mi (a, mi (6, c)), 

F 2 (a,6,c) = Zi(mi(a, 6),c) - mi (a, Zi (6, c)) - mi(Zi(a, c), 6), 

F 3 (a,&, c) = Zi(Zi(a,6),c) + Zi(Zi(6,c),a) + Zi(Zi(c,a),6). 

Viewing (Fi, F 2 , F 3 ) as an element in Hom(A 3 © A 2 ® A 1 © A 3 , A), it follows from 
some routine calculation that (Fi, F 2 , F 3 ) is a 3-cocycle since (mi, Zi) is a 2-cocycle. 
By (D 2 -l'), (D 2 -2') and (D 2 -3'), the cohomology class of this element is the "ob- 
struction" to the existence of (m 2 ,Z 2 ). In particular, if HP 3 (A) = 0, then the 
obstruction vanishes. □ 

Remark 4.2. We emphasize that HP 3 (A) ^ does not deny the existence of 
formal Poisson deformations. See the last section for an example. 

Remark 4.3. Two deformations A t and A' t of A are said to be equivalent, if there 
exists an isomorphism of Poisson K[[t]]-algebras gt : A' t — > A t with gt{a) £ a + tA[[t\] 
for any a G A. A Poisson algebra is rigid if any deformation is equivalent to a trivial 
one, that is, m, = and k = for all i > 1. If HP 2 (yl) = 0, then A is rigid. 

4.2. Deformation quantization. In this part, we will show that Kontsevich's 
deformation quantization on Poisson manifolds can be understood as a special case 
of formal deformation of Poisson algebras in our sense. We refer to [H HJ H] for 
more details about deformation quantization theory. 

Let (A,-) be a commutative associative algebra, and (A[[t]],m t ) a formal de- 
formation of A as an associative algebra. As usual, m t is given by a family of 
IK-bilinear functions {m, :4x4-> A} with 

mt(a, b) = mo(a, b) + tmi(a, b) + £ 2 m 2 (a, &) + ••• 

for any a, b E A, where for consistency of notations, mo(a, b) = a ■ b. Define the 
bilinear map { — , — } : A x A —> A by setting {a, b} = mi (a, b) — mi(b, a). It is easy 
to check that P = (A, •,{ — ,—}) is a commutative Poisson algebra. 
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Definition 4.4. [5J Definition 8.4] Let A, P be as above. Then P is called the clas- 
sical limit of the associative product mt, and (^4 [[£]], m<) a deformation quantization 
of the Poisson algebra P. 

We emphasize that in geometric situation, say if A is the algebra C°°(M) of 
smooth functions over some Poisson manifold M , then to define a quantization 
deformation, each m, : A x A — > A in the expression 

m t = mo + tnii + t 2 m-2 + • • • 

is required to be a polydiffcrential operator, i.e., a derivator in each argument. 

Since (A, •) is a commutative associative algebra, we may consider the standard 
Poisson structure (but with a scalar) on (_A[[t]],mt). In fact, we may define a 
bracket 

l t = t^l :A {[t]]xA[[t]]^A[[t]], 

where [— , — ] is the commutator of m t . Clearly, (A[[t]},m t ,lt) is a Poisson alge- 
bra, and gives a formal deformation of the Poisson algebra (A, •,{—,— })• Thus 
a deformation quantization of a commutative Poisson algebra can be understood 
as a special kind of formal deformation, say, the Poisson bracket is given by the 
commutator of the associative product with a scalar j . The following observation 
shows us an immediate advantage to take this viewpoint. 

Proposition 4.5. Let P = (A, •,{—,— }) be a nontrivial commutative Poisson 
algebra. //HP 2 (A) = 0, then P has no deformation quantization. 

Proof. Assume that (.A[[£]], m t ) is a deformation quantization of P. Then m t , l t ) 

is a formal deformation of (A, •,{ — ,—}), where 

l t {a,b) = j(m t (a,b) - m t (b,a)) 

for all a, b G A. Since HP 2 (A) = 0, the formal deformation mt, It) is equiva- 

lent to the trivial one, that is, there exists an isomorphism 

g: (A[[t]},m t ,l t )^(A[[t}},m' t ,l' t ) 

of Poisson K[[t]]-algebras such that g(a) G o+iA[[i]] for any a G A, where m' t (a, b) = 
ab, l' t (a, b) = {a, b} for a, b G A. Therefore, 

{a, b} =l' t (a,b)=g(lt(g- 1 (a),g- 1 (b))) 

=g- t (m t (g- 1 (a) > g- 1 (b))-m t (g- 1 (b),g- 1 (a))) 

=—(m' t (a, b) — m' t (b, a)) = ~( a ^ — ba) = 0, 

which leads to a contradiction. □ 

Remark 4.6. Naively, by modifying the scalar in the definition, say replacing 
i with (or some other f(t) G K((t)) in general), it is easy to define certain 
deformation quantization theory of higher orders, although the significance of this 
notion is not known to us at moment. 

4.3. More types of Formal deformations. So far, we have discussed the defor- 
mations in which the associative multiplication and the Lie bracket are deformed 
simultaneously. There are some other choices, say one can also fix one structure 
map and deform the another one. We would say some words on this direction. 
We mention that similar work for commutative Poisson algebras can be found in 

mis eg. 
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A formal deformation (.A [[£]], m t , l t ) of a Poisson algebra A is said to be of type 
I (resp. of type II), if m., = (rcsp. U = 0) for all i > 1. 

Let rrit, h) be a formal deformation of type I. For any n > 1, the deforma- 

tion equation (D n -1) holds automatically, and (D n -2) just says that l n : A x A — > yl 
is a biderivation of A. 

We simply denote the Poisson bicomplex PC'' {A; A) by PC *. Considering 
the spectral sequence induced by the first filtration of this bicomplex, we obtain a 
complex 

A ->. H?(PC M ) -> H?(PC"- 2 ) ► H?(PC*' 3 ') -> H? (PC ,J+1 ) 

where 

H?(PC J ) = {/ 6 Horn (A- 7 , A) | *„(/) = 0} 

is the space of all skew-symmetric n-fold derivations of A. Clearly, the above 
complex is a noncommutative version of the Lichncrowicz-Poisson complex, and its 
cohomology groups, i.e. 

E m = HjjHj (PC*'*) in the first spectral sequence induced 
by PC'', control the deformations of type I. 

Similarly, the second filtration of PC*'* gives a complex 

-> H^PC 1 '*) -¥ H^PC 2 *') -> > H^PC 1 ^) -> H^PC^ 1 '*) 

where 

H^PC^) = {/ G Hom(A l , A) | = 0}. 

and its cohomology groups, i.e. E\£ = Hj'Hj^PC*'*) in the second spectral se- 
quence, control the formal deformation of type II. 

5. Comparison with Lichnerowicz-Poisson Cohomology 

In this section, we assume that A is a commutative Poisson algebra. Recall the 
definition of Lichnerowicz-Poisson cohomology for a commutative Poisson algebra, 
see H [3 m O for detail. We set x 4 ( A ) = for any i < 0, Y°(vl) = A and 
X 1 ^) = Dev(A). For i > 2, let x*( A ) Q Hom(AM,A) be the subset consisting of 
all skew-symmetric multiderivations of A. We may form a complex (x*(^4), Slp), 
where 8lp is given by 

<5£p/(ao A fli A ■ • ■ A a„) 

n 

= ^2(-lY{ai, f(a A • • • Oj • • • A a„)} 

i=0 

+ ^ (-l) p+9 /({a p ,a g } A a A • • • aj, • • ■ a q ■ ■ • A a„). 

0<p<Cq<~n 

This complex is called the Lichnerowicz-Poisson complex of A, or simply LP- 
complex, and its n-th cohomology group, denoted by W^ p {A), is called the n-th 
Lichnerowicz-Poisson cohomology group of A, see [5] . 

Proposition 5.1. Let A be a commutative Poisson algebra. Then the family of 
K-linear functions {a n ,n G N} ; 

a™ : x n (A) -¥ Hom( © A 1 ® A J , A) 

a n (/) = (0,---,0,/) 
is a chain map from the Lichnerowicz-Poisson complex to the Poisson complex. 
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Proof. Clearly, 

<fV7 = (0..-. ,0,6cEf) = <T n+1 5 LP f, 
where 6c e is the Chevalley-Eilenberg coboundary. Therefore, {<r",n G N} is a 
chain map from LP-complex to Poisson complex. □ 

Remark 5.2. Easy computation shows that the 0-th and 1-th Lichncrowicz-Poisson 
cohomology groups are the same as the ones of Poisson cohomology, respectively. 

Moreover, by direct calculation, we show that the Lichnerowicz-Poisson coho- 
mology relates to the FGV-Poisson cohomology closely 

Theorem 5.3. Let (A, •,{—,— }) be a commutative Poisson algebra. Then 

H n LP (A) Sjj'J , 

where is the (n, 0)-term in the spectral sequence induced by the first filtration 
of the Poisson bicomplex. 

Remark 5.4. In some extreme case, say if A has trivial Lie bracket, then the 
Poisson cohomology and the Lichnerowicz-Poisson cohomology is known, and hence 
the difference between them is very clear. In fact, in this case 

n 

RP n (A) = 0(HH 4 (A) ® A™" 1 ) X n {A). 

6. A CHARACTERIZATION OF POISSON COHOMOLOGY GROUPS 

In section 3, we have introduced the characteristic complex x»{A) of the Poisson 
algebra A and used it study the Poisson cohomology. However, whether x»(A) ls 
quasi-isomorphic to a Poisson module, is not known to us yet. We will make some 
discussion on this question. 

Let Q be the quasi-Poisson enveloping algebra of (A, •,{—,— }) and £l 2 (A) be 
the second syzygy of A as an A e -module. More precisely, Vl 2 (A) is the quotient 
module of A e -module A 4 modulo the submodule generated by {a © b ® c ® 1a — 
1a © ab © c © 1 A + 1 © a © be © 1 A - 1 © a © & (8 c | a, 6, c <E A}. Note that 2 (^4) 
is also a quotient module of A 4 as a Q-module. Similar to the construction of the 
free Q-resolution of A [T], we consider the standard resolution 

y. : ► A i+4 -> A l+3 -4 ► A 5 -> ^ 4 -> ft 2 (yl) -> 

of £7 2 (A), and the Koszul resolution of K as a Z//(A)-module 

JT. : ► U{A) ® A 3 -4 U{A) © A^ 1 -> ► © A 1 -> -> K 0. 

Denote by ,5^, and J^i the corresponding deleted resolutions. 

By taking the total complex of the tensor product of J^. and J^i, we obtain a 
free Q-rcsolution of f2 2 (A) 

# : ► © A 4+4 © © A j -> © A i+4 © W(A) © A J ^ • • • 

■i+j— n -i+j— n— 1 

-4 A 5 © © A 4 © © A 1 -> A 4 © U{A) -4 2 (^4) -4 0. 

On the other hand, we may apply the functor A 2 © — to the deleted resolution 
J#i, and obtain a free resolution of Q-module A 2 

&l' : > A 2 © U{A) © A" A 2 ® U{A) © A"" 1 -4 > A 2 © -4 A 2 -4 0. 
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By definition of C #i ., we have a short exact sequence of complexes 

o -> v ® sri' -> xM) -> t 3 ® X -> o, 

Q Q 
thus we have the following long exact sequence, relating the homologies of the 
characteristic complex with some torsion groups of quasi-Poisson modules. 

Proposition 6.1. Keep the above notations. Then there is a long exact sequence 

■ ■ • -> Tor„ 2 (P, A 2 ) H„( X .(A)) -> Tor s _ 2 (P, ^ 2 (A)) -> Tor^P, A 2 ) -)■••• 

^Toif (P,A 2 ) -»-Hi(x.(A)) -^O^P® A 2 ->H (x.(^)) -M). 

Now we move to the calculation of Poisson cohomology groups. Firstly, we 
deduce from the free Q-resolutions 3^ and the following results. 

Lemma 6.2. Let M be a quasi-Poisson module over A. Then 

Ext^(n 2 (A),M) S H n (QC'(n 2 {A),M)),Vn > 0, 

where QC(il 2 (A),M) is the complex 

-> Hom(A 2 , M) Hom(A 3 ® A 2 ® A 1 , Af) — > ► Hom( © A'+ 2 ® A J , M) 

i-\-j—n—l 

-> Hom( © A l+2 ® A J , M) —»•••. 

Lemma 6.3. Let M be a quasi-Poisson module. Then 

Ext^(A 2 ,Af)^Ext£ (A) (IK,Af). 

Proof. Here we use the fact that A 2 is a free j4 e -module. In fact, applying the iso- 
morphisms Hom Q (A 2 <g)i/(,4)®A n , M) Hom(A", Af), we know that Hom Q (5,", M) 
is isomorphic to the Chevalley-Eilenberg complex 

CE* : M -> Hom(A 1 , M) Hom(A 2 , M) -> ► Hom(A n , M) -)■•••, 

and the conclusion follows. □ 

Denote PC* (A, M) be the Poisson complex of A with coefficients in M. Clearly 
we have a short exact sequence of complexes 

-> QC"(0 2 (A),M)[-2] -> PC" (A, A/) -> CP* 0, 

and combined with Lemma l6.2l and Lemm.a l6.3l we obtain the following long exact 
sequence. 

Theorem 6.4. Let A be a Poisson algebra and M a Poisson module over A. Then 

we have a long exact sequence 

(6.1) 

—¥ HP (A, M) -> Hom w(A) (K, M) HP 1 (A M) -4 Ext^ (A) (K,M) 

Hom Q (^ 2 (A), M) -> HP 2 (^4, A/) Ext^ (A) (K, A/) -> ► Ext'^ 2 (ft 2 (A), M) 

H- HP"(A, A/) -> Ext£, (A) (K, Af ) Ext^ 1 (^ 2 (A), A/) ->■ • • ■ . 

We recall a useful spectral sequence introduced in our previous work [T]. 

Proposition 6.5 (pQ, Section 5). Lei M,N be modules over Q. Then we have a 
spectral sequence 

Ext£ (A) (K,Ext^ e (M,iV)) Ext^ +1Z (AP iV). 

In conclusion, the above results provide us a way to read the information of Pois- 
son cohomology from the Lie algebra cohomology and the Hochschild cohomology. 
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Example 6.6. Let A be the K-algebra of upper triangular 2x2 matrices. This 
algebra is known to be the path algebra of the quiver of A2 type. 

Consider the standard Poisson algebra. Clearly, A is a hereditary algebra as an 
associative algebra and hence HH"(yl) = for all n > 1. By direct computation, 
we have HL°(A) = K, HL 1 (A) = K 2 , RL 2 (A) = K, and RL n (A) = for all n > 3, 
where RL\A) = Ext^ (A) (K, A) for each i. 

Applying the above spectral sequence and by some direct calculations, we know 
that Rom Q (n 2 (A),A) = K 3 , Ext Q (ft 2 (A), A) = K 6 , Ext 2 Q (n 2 (A) , A) = K 3 and 
Ext q (ft 2 (A), A) = for all n > 3. Now it follows from Theorem IOI that 

RP°(A) = K, RP\A) = 0, HP 2 (A) = K, HP 3 (A) = K 5 , HP 4 (A) = K 3 , 

and HP" {A) = for all n > 5. 



7. A Further Example: M 2 (K) 

Let A = M2(K) be the standard Poisson algebra, where M2(K) is the algebra of 
2x2 matrices with entries in K. Clearly, as a Lie algebra, A = K • 1a ffi s^K), 
where K- 1a is an abelian Lie algebra of dimension 1 and s^K) is the special linear 
Lie algebra with the standard basis 

1\ (0 0\ (1 

0/' J \i 0) ' [0-1 

Consider the module st 2 (K) © sl2(K) over the Lie algebra sl2(K). It is easy to 
show the following decomposition as Lie modules: 

afe(K) ®afe(K) = V 5 © V 3 © Vi, 

where V5, V3 and are simple modules of dimensional 5,3 and 1 respectively. More 
precisely, V5 has a K-basis 

{e <g> e, h®e + e<8>h,e®f-h®h + f®e ) f®f ) h®f + f<g)h}, 

V3 has a K-basis 

{ft © e - e © ft, e © / - / © e, ft © / - / © ft}, 

and V\ has a K-basis {2e $?>/ + ft(8>ft + 2/(g)e}, where all basis elements are given 
by weight vectors. 

By some direct computation, we have the following well-known fact which will 
be useful in our later calculation. 

Lemma 7.1. Hom M ( sl2 ( K ))(s[2(K) ©st 2 (K), A) = K 2 . More precisely, for any <p e 
Homw( B [ 2 (K))(sl2(K) ©s(2(K),A), iftere exist unique A,/i £ K, sweft iftai 

¥>k = 0, 

f(h ® e - e ® ft) = Ae, tp(e © / - / © e) = ^ft, p(/ ® ft - ft ® /) = A/, 

and 

ip(2e © / + ft,© ft + 2/ © e) = /xl A . 



In fact, the image of ip on the basis of s^K) ©s[2(K) is shown in the following 
table. 
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Table 1. The image of ip on the basis of 5(2 (K) 03 5(2 (K) 



tp(-®-) 


e 


/ 


h 


e 









f 







2 J 


h 


—e 


2 J 


Ml . 



To compute the FGV-Poisson cohomology of A, we need also the following facts. 
Lemma 7.2. Keep the above notations. Then 

(1) Ext 2 (A) (K,A)=0, 

(2) E^ {A) (K,A) SK, 

(3) Hom Q (n 2 (A),A) =K 2 ; 

Proof. The proofs of (1) and (2) are just some routine calculations and are omitted 
here. We only prove part (3), which needs some technical argument. 

By definition, il 2 (A) = A 4 /I, where I is the submodule of the Q- module A 4 
generated by 

{a®b(Z)c®l A -l®ab(g>c(gilA + l(Z>a(gibc®lA-l(8>a(g)b(g)c}. 

Therefore, we know that 

Rom Q (n 2 (A), A) = {/ e Rom u(A) (A 2 ,A) | / satisfies (*)}, 

where (*) means the equation 

af(b, c) - f(ab, c) + /(a, be) - /(a, b)c = 0, (*) 

or equivalcntly, / is a 2-cocycle in the Hochschild complex. 

Now let tp be in Homu(A)(A 2 , A) and satisfy (*). Then we have <p(1a, 1a) G Z(A) 
and hence tp(l A , 1a) = v\ A for some i/£l, the reason is that tp is a Lie module 
homomorphism, that is 

{a, ip(l A ® U)} = </j({a, 1a ® U}) = 

holds for all a 6 A. By applying (*), we therefore obtain that for all x £ A, 

tp{x (£> 1a) = <p(1a ®x) = z^- 

On the other hand, each Lie module can be viewed as a module over s^K) and 

Rom u(A) {A 2 , A) = Hom w(5 i 2(K)) (A 2 , A). 

Now </? is determined by v and its restriction to s^K) (gisfeQK), and the latter one 
is uniquely given by some A and \i as shown in Lemma 17.11 By Table 1 and the 
equation (*), we show that \i = 3A. Therefore tp is determined by v and A as shown 
in the following table. 



Table 2. The image of </? on the K-basis of A 03 A 



tp{-®-) 


1a 


e 


f 


h 


1a 


v\ A 


ve 




vh 


e 


ve 





^A +J h 


A 


/ 


yf 


— 1a h 







h 


vh 


A 




A 1 A 



Conversely, any v, A £ K uniquely give to an element $„.a S Hom W( -^)(A 2 , A) which 
satisfies (*), and hence an element in Homg(S! 2 (A), A). The proof is completed. □ 
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As a vector space, M2 (K) is of 4 dimension, and hence there are many choices of 
associative multiplication on it, among which are two extreme cases. One is given 
by the matrix product, and the other one is the trivial one given by setting 

e 2 = f = h 2 = ef = fe = eh = he = fh = hf = 0. 

An interesting observation is that these two are essentially the only cases to make 
the general linear Lie algebra M2 (K) a Poisson algebra. 

Corollary 7.3. Let (M 2 (K), o, [-, -]) be a Poisson algebra, where (M 2 (K), [-, -]) 
is the general linear Lie algebra. Then as an associative algebra, (M2(K),o) is 
either isomorphic to the total matrix algebra, or to the trivial one. 

Proof. For simplicity, we set P = M2(K) and m(a,b) = a o b for a, b € P. The 
Leibniz rule implies that m is a homomorphism of Lie modules from P 2 to P. 
From the proof of (4) in Lemma 17.21 and Table 1, we know 4/i = 3A 2 since 
m(a,m(b, c)) = m(m(a,b),c). When A = 0, the associative algebra (M2(K),o) 
is the trivial associative algebra, and when A 7^ 0, it is isomorphic to the total 
matrix algebra. □ 

By applying the long exact sequence in Theorem l6.4l and Lemma 17721 the Poisson 
cohomology groups of A of lower degrees is calculated as follows. 

Proposition 7.4. Keep the above notations. Then 

(1) HP {A) = K; 

(2) HP 1 (.4) = 0; 

(3) HP 2 (.4) = K. 

More precisely, ($0,2, 0) gives a basis of HP 2 (A). In fact, by construction as 
in Table 2, $0,2 is a Lie module homomorphism and satisfies the condition (*), 
which implies that ($0,2, 0) G Hom(A 2 © A 2 , A) is a Poisson 2-cocycle of A, and its 
corresponding cohomology class ($0.2, 0) gives an element in HP 2 (A). 

For given s € K, we may define a K[[i]]-Poisson algebra structure on A[[t}] by 
setting li = for all i > 0, and mt to be given as in the following table. 



Table 3. The image of mt on the basis of A Cg> A 



m t (-,-) 


1a 


e 


f 


h 


1a 


1a 


e 


f 


h 


e 


e 





±(l-t)h+±(l~ts) 2 l A 


— e — tse 


f 


f 


-£(1 -t)h + i(l -tsfl A 





f + tsf 


h 


h 


e — tse 


-/ - tsf 


(1-ts) 2 



It is direct to show that (.A[[t]], m t , l t ) is a formal Poisson deformation of A "lifting" 
the Poisson 2-cocycle s(<i>o.2, 0) = ($o,2s, 0), say (mi, l\) = ($o.2s, 0). Moreover, for 
any Poisson 2-cocycle n, there exists some s £ K such that fj = ($o,2s, 0) in HP 2 (^4), 
a standard argument shows the existence of a formal deformation (j4[[i]], m' t , l[) 
lifting -q which is equivalent to (A [[£]], m t , l t ). 



Remark 7.5. It is worth mentioning that for the given Poisson 2-cocylc ($o,2s) 0), 
we only give one formal deformation. It is not known yet whether all formal defor- 
mations lifting it are equivalent. 

By the long exact sequence (|6.ip in Theorem 16.41 and some direct calculations, 
we obtain that HP 3 (A) ^ 0. Therefore, the above example also tells that it is still 
possible to have formal deformations even though "obstructions" exist. 



18 y.-h. bao and y.ye 

References 

[1] Y.-H. Bao and Y. Ye, On quasi-Poisson cohomology, Available at arXiv:1109.1758 
[2] M. Doubek, M. Markl and P. Zima, Deformation Theory (Lecture Notes), Available at arXiv: 
0705.3719v3. 

[3] M.Flato, M.Gerstcnhaber and A.A.Voronov, Cohomology and Deformation of Leibniz Pairs, 

Letters in Mathematical Physics, 34 (1995), 77-90. 
[4] S.Gutt, Variations on deformation quantization. In Conference Moshe Flato 1999, Vol. I 

(Dijon), vol. 21 of Math. Phys. Stud. 217-254. Kluwer Acad. Publ., Dordrecht, 2000. 
[5] J.Hucbschmann, Poisson cohomology and quantization, J.rcinc angcw.Math. 408 (1990), 57- 

113. 

[6] M.Kontscvich, Deformation quatization of Poisson manifolds, Letters in Mathematical 

Physics. 66(2003), 157-216. 
[7] A.Lichncrowicz, Les varietes de Poisson ct leur algebres de Lie associees, J.Diff.Gcom. 12 

(1977), 253-300. 

[8] A.Pichereau, Formal deformations of Poisson structures in low dimensions, Pacific Journal of 
Mathematics, 239(1) (2009), 105-133. 

[9] D.Stcrnhcimcr, Deformation quantization: twenty years after. In Particles, fields, and gravi- 
tation (Lodz, 1998), vol. 453 of AIP Conf. Proa, 107-145. Amer. Inst. Phys., Woodbury, NY, 
1998. 

[10] Y.-H. Yang, Y. Yao and Y. Ye, (Quasi-)Poisson enveloping algebras, Acta Mathcmatica 
Sinica, Available at: link.springer.com/article/10. 1007/sl0114-012-1041-z#, online Sep. 20 
2012. 



Yan-Hong Bao 

School of Mathematical Sciences, Anhui University, Hefei, China, 230039 

School of Mathematical Sciences, University of Sciences and Technology of China, Hefei, China, 
230036 

E-mail address: yhbao@ustc.edu.cn 



Yu Ye 

School of Mathematical Sciences, University of Sciences and Technology of China, Hefei, China, 
230036 

E-mail address: yeyu@ustc.edu.cn 



